where F(#);>0 and the perturbation term K is, in general, an unbounded operator. Operators of this type appear rather often in applications. E. g., the so-called linearized Boltzmann operator and the Fourier transformed Schrodinger operator are of this kind. The continuous spectra of these operators have been investigated by many authors, e. g., Friedrichs [3] [4], and Faddeev [2] , but it seems that the discrete part of the spectrum has not been studied systematically. Therefore we shall discuss chiefly the discrete part of the spectrum.
2. Making use of Hermitian forms, Birman [1] investigated systematically operators of the form (1.2) C = A + B,
where ^4;>0, and B is small relative to A. He applied the results to the study of spectra of differential operators (mainly of the Schrodinger type). In §2 we shall study operators of the form (1. 2) , and obtain some information on the essential spectrum and the negative 102 fun Uchiyama part of the spectrum. Our results are similar to those of Birman [1] , but are stated in terms of operators rather than in terms of Hermitian forms. In §3 we shall give criteria for the selfadjointness of the operator (1. 1). It will be shown that the study of the negative part of the spectrum of (1.1) reduces to that of the spectrum in ( -°°, -1) of a bounded selfadjoint integral operator of the form (i. 3) (G 0 /) (*) = \
Jn
This result is particularly convenient in showing the finiteness of the discrete spectrum of (1. 1). In §4, without making use of the operator (1. 3), we shall give a sufficient condition for the infiniteness of the discrete spectrum. The result entails that in the neighborhood of X Q satisfying V(Xo)=Q the behavior of V(#) and K(x, y) plays an imsp ortant role. The method is essentially the same as used by Zislin [14] , the author [11] , etc. Finally, in §5 we shall apply these results to the eigenvalue problems associated with the linearized Boltzmann operator, the Schrodinger operator and the operator of the so-called Friedrichs model. It has been shown by Kuscer-Corngold [8] and Ukai [12] that there are an infinite number of discrete eigenvalues of the Boltzmann operator for the so-called mono-atomic gas model. But it seems to the author that Kuscer-Corngold's treatment is not rigorous from the mathematical point of view, and in Ukai's treatment, more strict estimates are required. Furthermore, both of them apply to this problem results from the theory of eigenvalue problems for ordinary differential equations, but we assume no such knowledge. As for Schrodinger operators, we shall give another proof of results obtained so far by Birman ), 8) and if the operator A~l lz BA~l lz has a bounded selfadjoint extension F 0 , then we have
Corollary 2. 1. If F Q is a completely continuous operator, then C has the following properties:
( i ) C is a lower semi-bounded operator.
(ii) *.(C)=*.G4).
(iii) There exist at most a finite number of discrete eigenvalues of C in (-oo,0). Then we can choose {^I} l -B=li ... i8 c § satisfying
is dense in § (as is seen by using the spectral decomposition formula and by Remark 2.1), for any e>0 we can find linearly independent so that the inequality
holds. Using (2. 3), we have 
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In case 5(F 0 : -oo,-l) = + oo, for any n>0 we can similarly choose an ^-dimensional subspace M such that for any element /eM, /^O, (C/,/)<0 holds. This shows that S(C: -°o,0)>^. Then, by Lemma 2.1, 5(C: -oo,0) = + °o. (q. e. d.)
Proof of Corollary 2.1. By the same method that was applied in the proof of Theorem 2. 1 to F^ and F l9 we can utilize the complete continuity of F Q to show that F l9 which is the unique bounded extension of G4 + /)~1 11) It seems that the condition K(x,y) = K(y,x} is independent of the symmetricity of A" on £>(#) = #( F). 12) Here the case sup V(#) = °° is also permitted.
Next, we prove a result useful in dealing with operators of the form (3.1). [7] , it follows that H<* is a self ad joint operator in L 2 (<w) with Then there exists at least one negative discrete eigenvalue of H. Moreover, if we assume that We consider the Schrodinger operator which involving external magnetic field, which can be written in the form (5. 11) below. [5] or Jorgens [6] . Assertion (ii) is also clear by a result of Jorgens [6] . We shall show that assertion (iii) (a) holds.
For any (5. 14) Remark 5. 2. The spectrum of the above operator has been investigated by Faddeev [2] . He introduced a Banach space consisting of Holder-continuous functions, and used it to show the above results. But in studying the discrete spectrum, we may make use of the above method to by-pass the introduction of such a Banach space. (iii) There exist at most a finite number of negative discrete eigenvalues of H.
Proof. Here, £ = R n . Assertion (i) is clear because (5. 27) implies that K is a bounded selfadjoint operator. And Assumptions 1-3 of (3. 1) are also satisfied. We set
